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AESTR4CT 
In this paper, a formula for inverting general band matrices is established. It 
takes a simple form when the matrices are tridiagonal, and as a special case it 
includes the Bukhberger-Emel’yanenko algorithm for symmetric tridiagonal matrices. 
1. INVERSION OF BAND MATRICES 
Bukhberger and Emel’yanenko [l] recently proposed a method for invert- 
ing symmetric tridiagonal matrices. In this paper, we shall give an inversion 
formula for the general band matrices and, as an application of this result, 
derive a simple algorithm for inverting tridiagonal matrices, which includes 
the Bukhberger-Emel’yanenko algorithm as a special case. 
Let A = ( aii) be a nonsingular band matrix of order n such that aii = 0 if 
i>j+q or i>i+p, and aii#O if i-j=q or j-i=p, where p,q are fixed 
positive integers such that T = p + q <n. Further, for the sake of convenience, 
extend the suffix j and choose constants aii (1 < 1 <n, and 1 - q < i Q 0 or 
n < j <n + p) so as to satisfy the above conditions. We then construct 
inductively the r sequences { u:)}, . . . , { uk)} defined on the integer m such 
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that n+p>m>l-q, as follows: If l<k<p, then we put 
(I-qGm<p), 
(p+l<m<n+p) 
(n-q+lSmSn+p), 
(1-qGmrn<--q) 
Here h,, h,, . . . , h, are nonzero constants and may be chosen arbitrarily. 
We set 
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Note that W, denotes the Wronskian determinant of {tic)} (I < k <r) at the 
point m. 
We prove the following result: 
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a/j+pwi+pu k=max(l,j+p-n) 
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Proof. For each j (1 < j < n) fixed, the following relation holds: 
i+p 
c. uimc&i = sii 
m=i-q 
(i > 1). 
Consider the linear difference equation of order r 
(LX)i = ai_pi~i + Ui_pi_lXi_l +. ‘. + Ui-pi-,~~-r = Gi_pj (i) l-q). 
(1) 
Then as is easiIy seen {u(‘)} , . . . , { u$)} form a system of linearly indepen- 
dent Solutions of the cdrresionding equation LX =O. In fact, by definition of 
{uck)}, we have m 
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But, if the final determinant is zero, then there exists a set of constants 
8 t? ,...,6’,, not all zero, such that E\EP+lOk~~)=O (O>m>l-q). 
l%G iii2 nonzero vector 
k=~+leku{k’,..., i 
P k=p+l 
ekuik’)’ 
= (*, .. . . *,ep+lhp+l,.. .J,h,)’ 
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satisfies Au = 0, which contradicts the nonsingularity of A. Therefore WP #O, 
and we can use the method of variation of constants to find that 
I 0 (l-q<i<p+j), 
xi = 1 K,j+p-1 ‘jj+pwj+p (p+j<i) 
is a solution of (1) (cf. Henrici [2, p. 1371). Thus, tiii can be expressed in the 
form 
(1) + . 
“ii = ClUi . . + c,u,i” + x. 17 (3) 
where cr, . . . , c, are constants which are to be determined so as to satisfy a 
system of r equations 
c,up + Xi = 0, 
k=l 
Solving this, we obtain 
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Hence, we have 
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since Wn+m i+p-1 
from (l)-(4): 
=0 if i-q+l<n+m<j+p-1. The result now follows 
n 
2. APPLICATION TO TFXDIAGONAL MATRICES 
The formula obtained in the previous section becomes simple if A is an 
n x n nonsingular tridiagonal matrix with elements u2,u3,. . . ,a,, on the subdi- 
agonal, b,, b,, . . . , b,, on the diagonal and c2,c3,. . . ,c,, on the superdiagonal, 
where a,, ci # 0. 
We have 
THEOREM 2. Define the two sequences {u,,,}, {v,,,} as follows: 
ug = 0, Ul = h,, u, = - -&_+,,-z+b,,-pm-J (mx?), (5) 
m 
%+1 = 0, v, = h,, v,,, = - L(bm+,vm+,+cm+zvm+z) (m<n-l), u 
m+1 
(6) 
where a, and c,,, 1 may be chosen arbitrarily, but may not be zero. Then 
A -I = (aji) is given by 
aii = 
Proof. It suffices to observe that, in Theorem 1, 
= ai wi = fi a, Wl = fi 3 hlvo, 
cj+1 k=l q+l k=l ck+l 
u = u”+l, uj,l = uj, wn+l,f = %+l'j* w 
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REMARK 1. Bukhberger and Emel’yanenko’s (second) algorithm [l] 
follows from Theorem 2 by putting ai = c, (2 <i <n), a, = a,,, = 1, h, = 
(- l)“, and h, = - 00’. 
REMARKS. If ai = a, bi = b, ci = c, and UC #O, and if cu,p are the roots of 
the equation et2 + bt + a = 0, then 
and 
(n+l-m)h,a”-” 
satisfy the relations (5) and (6), respectively. Therefore, by Theorem 2, we 
have 
[ _ ($1 ((yi-Pi)((yn+l~j-(yiP”+l) 
i 
aya-p)(a”+l-pn+l) 
a+ = 
ci-i(aj_pi)(~n+pi-~~n+i) 
.y,-,)(an+l-,n+l) 
(i G j)> 
(i 3) 
if (Y #p, and 
ci-l 
_). 
i(n+l-i)ai+ipl 
a1 n+l 
(i < j), 
qi = I i(n+l-i)cui+i-l Gi_‘. a1 n+l (i >i) 
if (Y = p. It is easily verified that this result coincides with the one obtained 
by Torii [3]. 
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